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Let p, q be twin prime numbers with q — p = 2 . Consider the elliptic curves 



E = E a : y 2 = x(x + ap)(x + aq) . 



(a = ±l) 



(1) 



E = E a is also denoted as E + or E- when a = +1 or —1. Here the Mor dell- Weil group and the 
rank of the elliptic curve E over the Gauss field K = Q(-^^l) (and over the rational field Q) will 
be determined in several cases; and results on solutions of related Diophantine equations and 
simultaneous Pellian equations will be given. The arithmetic constructs over Q of the elliptic 
curve E have been studied in [1], the Selmer groups are determined, results on Mordell-Weil 
group, rank, Shafarevich-Tate group, and torsion subgroups are also obtained. Some results on 
torsion subgroups in [2] will be used here to determine E(K). 

Similarly to (1), some other special types of elliptic curves were studied by A. Bremner, J. 
Cassels, R. Strocker, J. Top, B. Buhler, B. Gross and D. Zagier (see [3-5]), e.g., y 2 = x(x 2 +p), 
y 2 = (x + p)(x 2 + p 2 ), and y 2 = 4x 3 — 28a; + 25. The last elliptic curve has rank 3 and is 
famous in solving the Gauss conjecture. 

For any number field K, the Mordell-Weil theorem asserts that the K— rational points of 
E form a finitely generated abelian group (the Mordell-Weil group): E(K) = E{K)t ors © Z r , 
where E(K) tors is the torsion subgroup, r = vankE(K) is the rank (see [6]). 



Theorem 1. Let E = E a be the elliptic curve in (1), K = Q(-^/^l) the Gauss field. 

(a) If p = 5 (mod 8), then 

r&-akE{K) = 0, E(K) ^ Z/2Z © Z/2Z. 

(b) Up = 3 (mod 8), q = a 2 + b 2 , (a + e) 2 + (b + 5) 2 = c 2 (e,5 = ±l, a,6,c€Z), then 

rankE(K) = 1, E(K) Z/2Z © Z/2Z © Z. 

(c) iankE(K) < 3. 

(d) If p, q are as in (b), then 



rankE+(Q) = 1 



E+(Q) = Z/2ZffiZ/2ZffiZ. 



In [7], Euler considered the Diophantine equation 

J X 2 + MY 2 = S 2 
\ X 2 + NY 2 = T 2 

for integers M / N, and studied the problem of classification of the couples (M, AT) such that the 
above equation has non-trivial solutions, which is the famous "Euler Concordant Form problem". 
E. Bell, T. Ono, K. Ono studied this problem further in [8-10]. For twin prime numbers p, q 
we consider the following two Diophantine equations similar to the Euler's : 

/ X 2 -pY 2 = S 2 
) x 2 -qY 2 = -T 2 



■2 - r > (-0 



X 2 - pY 2 = 2S 2 
X 2 - qY 2 = -2T 



2 ,,\-2 _ 07 '2 (H) 



If (X,Y, S,T) is a primary solution of (I) (or (II)) (i.e., an integer solution with (X, Y) = 1 
and XY / 0), then by [1] we know that (-X 2 /Y 2 , XST/Y 3 ) (or (-X 2 /Y 2 , 2XST/Y 3 )) is a 
Q— rational point of elliptic curve E + in (1). This fact leads us to the following theorem. 

Theorem 2. If p = 5 (mod 8), then equations (I) and (II) have no primary solution. 
(Furthermore, the only solution of them is (0, 0, 0, 0) ) 

For elliptic curve E = E + in (1) and the Gauss field K = Q( v / ^1), define 

E(Q)~ = {(x,y) € E(Q) \x<0}, 

n; K = ±#(2E(K)nE(Q)-), 
and let n(I) denote the cardinal of the set of positive primary solutions of equation (I). 

Theorem 3 (3.1) If n^ K / 0, then equation (I) has a primary solution. 

(3.2) We have n^ K < n(I). In particular, if = oo then equation (I) has infinitely 
many primary solutions. 

Finally, consider the simultaneous Pellian equations 

r x 2_ py 2 = a 

\z 2 -qy 2 = a (a = ±1) {1U > 

This kind of equations has been studied in [11-12] (but a = 1 and {p,q} = {m,n} are general 
integers). In particular, Rickert in [12] obtained: if m = 2, n = 3 then the equation has 
no nontrivial integer solution (Nontrivial means y / 0). We find that equation (III) has an 
interesting relation with elliptic curve E in (1): a nontrivial integer solution (a,b,c) of (III) 
gives a Q— rational point (1/b 2 ,ac/b 3 ) of E. We obtain a general result on equation (III). 
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